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Abstrat
Quantum Chromodynamis on a lattie with Wilson fermions and a hirally twisted
mass term for two degenerate quark avours is onsidered in the framework of hiral
perturbation theory. The pion mass and deay onstant are alulated in next-to-leading
order inluding terms linear in the lattie spaing a.
Numerial simulations of Quantum Chromodynamis with dynamial quarks are faing a dif-
ulty with light quark masses. Due to a severe slowing down of the ommon algorithms for
small quark masses it is presently not possible to implement realisti values for the masses of
the u- and d-quarks. In this ontext hiral perturbation theory [1, 2, 3℄ is a very useful tool. It
amounts to an expansion around the hiral limit where the quarks are massless. Meson masses
and other physial quantities are then expanded in powers of quark masses (modied by log-
arithms). In its range of appliability, hiral perturbation theory an be used to extrapolate
the results of Monte Carlo simulations of QCD into the region of small quark masses. On the
other hand, numerial simulations of lattie QCD an provide information about low energy
parameters of hiral perturbation theory, the Gasser-Leutwyler oeients, see [4℄ for a review.
When hiral perturbation theory is applied to lattie QCD, the lattie spaing a enters as
a seond expansion parameter. Correspondingly, the low energy eetive Lagrangean ontains
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additional terms proportional to powers of a, representing the lattie artifats [7℄. Physial
quantities appear in double expansions in quark masses and in a. A omparison of numerial
results with hiral perturbation theory in next-to-leading order has been made in [5, 6℄.
An attrative framework for numerial simulations of QCD with Wilson fermions is the
lattie formulation with a hirally twisted quark mass matrix [8, 9℄. It allows to avoid problems
with quark zero modes and simplies the renormalization proedure. In view of Monte Carlo
alulations in twisted mass lattie QCD it is desirable to extend hiral perturbation theory to
this ase.
In this letter we onsider lattie QCD with Nf = 2 quark avours and a twisted mass term.
For simpliity we restrit ourselves to the ase of degenerate quark masses (mu = md = m).
The pion mass and the pion deay onstant are alulated in hiral perturbation theory in
next-to-leading (one-loop) order, inluding lattie terms linear in the lattie spaing a. A new
feature of the twisted mass ase is the fat that the minimum of the eetive Lagrangean is
shifted by an amount proportional to a and the expansion has to be rearranged orrespondingly.
In lattie QCD a hirally twisted mass term an be introdued in the form q¯ M(ω)q with
M(ω) = m′ e iωγ5τ3 = m′ cos(ω) 1+ im′ sin(ω) γ5τ3 ≡ m+ iµγ5τ3 , (1)
where
m = m′ cos(ω) , µ = m′ sin(ω) , (2)
and τb are Pauli matries. In the ontinuum the hiral rotation of the mass term an be removed
by a hiral transformation of the quark elds aording to
q = e −iωγ5τ3/2 q′ , (3)
whih leaves the kineti term invariant. On the lattie, however, it is not possible to remove
the hiral twist due to the presene of lattie artifats.
Chiral perturbation theory is based on the low energy eetive Lagrangean, whih desribes
the dynamis of pions in terms of SU(2)-valued matries
U(x) = exp
(
i
F0
πb(x)τb
)
, (4)
where πb(x) are the pion elds. In the ontinuum it is given to leading order by
L2 = L2,kin + Lm =
F 2
0
4
Tr
(
∂µU
† ∂µU
)
−
F 2
0
4
Tr
(
χU † + Uχ†
)
. (5)
The hiral symmetry breaking mass term ontains the matrix
χ = 2B0M = 2B0m1 ≡ χ0 1, (6)
with
B0 =
1
F 20
〈0|u¯u|0〉 =
1
F 20
〈
0|d¯d|0
〉
. (7)
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To lowest order in m the pion mass is given by
m2pi = χ0 = 2B0m. (8)
Lattie QCD an be treated in hiral perturbation theory by adding terms whih represent
the lattie artifats. The hiral Lagrangean to lowest order is extended to
L2 = L2,kin + Lm −
F 2
0
4
Tr
(
ρU † + Uρ†
)
, (9)
where
ρ = 2W0a1 (10)
and the oeient W0 parametrizes the lattie artifats.
Now let us onsider the eetive Lagrangean for QCD with a twisted mass term. The
twisting of the mass term
χ→ χ(ω) = 2B0 e
−iωτ3/2M e −iωτ3/2 = 2B0m e
−iωτ3
(11)
an be undone in the kineti and mass terms by a hiral transformation of the axial type
U = e −iωτ3/2 U ′ e −iωτ3/2. (12)
The lattie term, however, is transformed to
Tr
(
ρ(ω)U ′† + U ′ ρ(ω)†
)
(13)
with the matrix
ρ(ω) = e iωτ3ρ . (14)
In this way the twist an be transferred to the lattie term. Omitting the primes on the hiral
eld U , the leading order eetive Lagrangean reads
L2 =
F 2
0
4
Tr
(
∂µU
† ∂µU
)
−
F 2
0
4
Tr
(
(χ+ ρ(ω))U † + U(χ+ ρ(ω))†
)
(15)
with
χ = 2B0m
′
1. (16)
In next-to-leading order the following terms ontribute [7℄:
L4 =
F 2
0
4
Tr
(
∂µU∂µU
†
)
−
F 2
0
4
Tr
(
χU † + Uχ†
)
−
F 2
0
4
Tr
(
ρ(ω)U † + Uρ(ω)†
)
(17)
−L1
[
Tr
(
∂µU∂µU
†
)]2
− L2 Tr
(
∂µU∂νU
†
)
Tr
(
∂µU∂νU
†
)
−L3 Tr
([
∂µU∂µU
†
]2)
+ L4Tr
(
∂µU∂µU
†
)
Tr
(
χU † + Uχ†
)
+W4Tr
(
∂µU∂µU
†
)
Tr
(
ρ(ω)U † + Uρ(ω)†
)
+ L5 Tr
(
∂µU∂µU
†
[
χU † + Uχ†
])
+W5Tr
(
∂µU∂µU
†
[
ρ(ω)U † + Uρ(ω)†
])
− L6
[
Tr
(
χU † + Uχ†
)]2
−W6Tr
(
χU † + Uχ†
)
Tr
(
ρ(ω)U † + Uρ(ω)†
)
− L7
[
Tr
(
χU † − Uχ†
)]2
−W7Tr
(
χU † − Uχ†
)
Tr
(
ρ(ω)U † − Uρ(ω)†
)
− L8 Tr
(
χU †χU † + Uχ†Uχ†
)
−W8Tr
(
χU †ρ(ω)U † + Uρ(ω)†Uχ†
)
+O(a2).
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Spurion analysis shows that the twisting of the mass term does not produe further terms in
L4, but amounts to replaing ρ by ρ(ω).
In ontrast to the untwisted ase, the minimum of the eetive ation is not loated at
vanishing elds πb = 0, orresponding to U = 1, but at the point
π˜3 = F0
W0a
B0m′
sinω
[
1−
8χ0
F 20
(4L6 + 2L8 − 2W6 −W8)
]
+O(a2), π˜1 = 0, π˜2 = 0. (18)
Therefore a shift
π3 = π
′
3
+ π˜3 (19)
has to be performed before expanding the eetive ation.
Using the resulting expression we alulated the pion propagator in next-to-leading order.
From it the pion mass and wave funtion renormalization are obtained. For the pion mass we
get
m2pi = χ0 + ρ0 + 8
χ2
0
F 20
(4Lr
6
+ 2Lr
8
− 2Lr
4
− Lr
5
)
+8
χ0ρ0
F 20
(4W r
6
+ 2W r
8
− 2W r
4
−W r
5
− 2Lr
4
− Lr
5
)
+
(χ0 + ρ0)
2
32π2F 20
ln
(
χ0 + ρ0
Λ2
)
, (20)
where
χ0 = 2B0m
′ , ρ0 = 2W0a cosω , (21)
Lrk are the renormalized hiral parameters and Λ is the renormalization sale. The wavefuntion
renormalization in dimensional regularization is given by
Z = 1−
8
F 20
χ0(2L4 + L5)−
8
F 20
ρ0 (2W4 +W5)
−
1
24π2F 20
(χ0 + ρ0)
[
2
ǫ
+ ln(4π)− γ + 1− ln
(
χ0 + ρ0
Λ2
)]
. (22)
Setting the twist angle ω to zero, the expression for m2pi is onsistent with the result of [7℄.
Apart from numerial fators whih depend on Nf , to this order of hiral perturbation theory
the hiral twist amounts to adding the fator cosω to ρ. It should be noted, however, that
this rule will not apply to higher orders, where the above mentioned shift in the pion elds
introdues new verties.
In the ase of maximal twist, ω = π/2, the lattie artifats vanish to the order of the
expansion onsidered here, as has been observed for lattie QCD in general in [10, 11℄.
The seond physial quantity we alulated is the pion deay onstant Fpi, given by
〈0|Jµ,aA |πb(p)〉 = iFpip
µδab , (23)
4
where JA is the axial urrent. The Noether proedure yields an expression for the axial urrent,
whih depends on the oeients Lk and Wk and ontains produts of the pion elds. A one-
loop alulation gives
Fpi = F0
(
1 +
4
F 20
[χ0 (2L
r
4
+ Lr
5
) + ρ0 (2W
r
4
+W r
5
)]−
1
16π2F 20
[
(χ0 + ρ0) ln
χ0 + ρ0
Λ2
])
. (24)
In the limit a→ 0 this oinides with the result of [3℄.
The formulae given here an be used in the analysis of numerial results from unquenhed
simulations of twisted mass lattie QCD with two light avours. A useful tehnique in numer-
ial simulations of QCD is partial quenhing of quarks. In view of appliations to partially
quenhed simulations it suggests itself to generalize the results above to partially quenhed
hiral perturbation theory [12℄.
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